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Abstract 

The aim of this paper is to inter-relate several algebraic and ana- 
lytic objects, such as real-type algebraic curves, quadrature domains, 
functions on them and rational matrix functions with special proper- 
ties, and some objects from Operator Theory, such as vector Toeplitz 
operators and subnormal operators. Our tools come from operator 
theory, but some of our results have purely algebraic formulation. We 
make use of Xia's theory of subnormal operators and of the previous 
results by the author in this direction. We also correct (in Section 5) 
some inaccuracies in the works of [59], [60] by the author. 

Keywords: Klein surface, quadrature domain, subnormal operator, an- 
alytic vector Toeplitz operator, Schottky double 
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Introduction 

In this paper, we discuss the inter-relations between the following objects: 

(1) Separated real algebraic curves in C^; 

(2) Algebraic curves in of special type, which we will call Ahlfors type 
curves; 

(3) Quadrature domains; 

(4) Rational matrix functions of a certain class; 

(5) The corresponding (analytic) Toeplitz operators on vector Hardy 
spaces H^, m e N; 

(6) Subnormal operators with finite rank self-commutators and isometries 
that commute with them. 

Each of the objects we discuss depends on a finite number of real pa- 
rameters, and some of the connections we speak about are given by explicit 
formulas (see, for instance, §7). 

Here, in the Introduction, we will define these objects and formulate some 
of our main results. More background and more explanations will be given 
in next sections. 

A polynomial Q{z, w) will be called of real type if it has a form 

n n 

Q{z, w) = j2Yl (1) 

j=0 k=0 

where n > 1 is an integer, Ujk G C, and 

akj = 0<j:k<n. (2) 

The linear invertible substitution z = x + iy, w = x — iy, x,y e C 
transforms each real-type polynomial into a real polynomial in variables x, 
y (the converse also is true). 

Consider the algebraic curve 

{{z,w) eC^ :Q{z,w) = 0} 
that corresponds to Q. Since Q{w, z) — Q{z, w), the anti-analytic involution 

S = {z, w) I— >• S* =^ {w, z) (3) 

maps A onto itself. We will call A a real-type algebraic curve if it is given by 
an equation in the form (1), subject to (2). Equivalently, an algebraic curve 
in is of real type if its equation is invariant under the involution (3). 
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The polynomial Q admits a unique decomposition Q — [[j=i Q/ i^^o a 
product of irreducible polynomials [21]; we will call algebraic curves Aj = 
{Qj = 0} in the irreducible pieces of the curve Q and write symbolically 
A = A^^ U ■ ■ ■ U A^^ . Each of A^ essentially is a compact (unbordered) 
Riemann surface of finite genus. That is, there is only a finite number of 
singular points on Aj , where = = 0, and by picking out these points 
from Aj and adding a finite number of new ( "ideal" ) points one gets a com- 
pact (unbordered) abstract Riemann surface A^. This procedure is unique, 
and this surface is called a desingularization of A^ (see [21]). Coordinate 
functions z, w are globally meromorphic functions on A^. 

We assume the desingularizations Ai . . . A^ to be disjoint. The formula 
S I— s> {z{5),w{5)) defines a continuous "projection" of A onto A. The involu- 
tion (3) is also defined on A. 

We put A]K — {6 E A : S — S*} to he the real part of A. (In general, 
a point of a compact Riemann surface with anti-analytic involution is called 
real if it is invariant under the involution.) 

Definitions. 1) A component Aj of A is called degenerate if it has either 
the form {z — a)''^ — or {w — a)''^ = 0, and non- degenerate in all other 
cases. 

We put Adeg to be the union of all degenerate components of A, and 
^ndeg to be the union of all its non-degenerate components (with their mul- 
tiplicities) . 

2) An irreducible real-type algebraic curve A will be called separated if the 
real part A^ separates A in the topological case. We will say that a real-type 
algebraic curve is separated if all its non- degenerate pieces are separated. 

3) Let A be a separated real-type algebraic curve. We call A pole definite 
if no pole of z{-) lies on the real part of A and for each non-degenerate 
irreducible piece A^ of A, all poles of z{-) belong to the same connected 
component of Aj\A]K. 

If A is separated, then the involution (3) maps each of its non-degenerate 
irreducible pieces onto itself. The general theory [32] of Klein surfaces (Rie- 
mann surfaces with anti-analytic involution) implies that in this case, for 
any piece Aj of Andeg, the complement Aj\A]r has exactly two connected 
components. In the case when A is pole definite, we will call these connected 
components A^ and Aj , assuming that -^(A^) is bounded and z{Aj) is not. 

The involution interchanges A^ with Aj , so that they can be called "halves" 
of the piece A^ . 

The coordinate function 5 ^ z{6) is bounded and analytic on At. 
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We put 

SO that we have a disjoint union 

Andeg = A+ U A_ U Ak. 

Quadrature domains. Suppose 11 is a bounded domain in C and there 
are points Zk in fl and complex constants Cjk such that an identity 

f[ fdxdy = j2^^c,,f<'\^k) (4) 
•^•^^ k=l j=0 

holds for all analytic functions / in L^{fl). Then fl is called a quadrature 
domain. We will call points Zk the nodes and the coefficients Cjk the weights 
of our domain Q. 

Quadrature domains possess many interesting and intriguing properties. 
After the pioneering work [3] by Aharonov and Shapiro, in the last 20 - 
30 years, quadrature domains have been related with such diverse fields as 
algebraic geometry [3], [23]-[25], potential theory and different problems in 
fluid dynamics [39], [10]-[12], [38], moment problems [36], [37], [22], extremal 
problems for univalent functions (studied by Aharonov, Shapiro and Solynin, 
see [4] and references therein) . They also have close relations with subnormal 
and hyponormal operators "of finite type" [50]-[57], [25], [36], [59]-[61]. We 
refer to the recent book [17] for more information. 

A function w{z) on closJl is called a Schwartz function of if w is holo- 
morphic on Q, except for finitely many poles, continuous on the boundary of 
Q and satisfies w{z) = z, z & dQ. It has been known since the work [3] that 
f2 is a quadrature domain if and only if it possesses a a Schwartz function. 
Moreover, in this case the nodes of Q coincide with the poles of the function 
w. If the poles are simple, only the weights Cofe are present in (4), and they 
are proportional to the residues of w{z) at points z = Zk- 

The following result relates algebraic curves of the above form with quadra- 
ture domains. 

Theorem A (Aharonov and Shapiro [3], Gustafsson [23]). If A is an ir- 
reducible separated real-type algebraic curve and the coordinate function z 
is injective on A+, then the image z{A^) is a quadrature domain. Each 
quadrature domain is formed in this way. 

In the situation of this theorem, the Schwartz function w{z) on Q coincides 
with the coordinate w on our curve. More precisely, the Schwartz function is 
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w[{z\A.+) The Riemann surface A can be constructed from the domain 
Q as follows. Take one more copy Q of Q and endow it with the conformal 
structure, provided by the function z. Then A is isomorphic as a compact 
Riemann surface to the so-called Schottky double of Q, which is obtained by 
welding Q and Q together along dQ. Wc refer to [23] for more details. The 
irreducibility of the curve A follows from the fact that the Schottky double 
is always a connected topological space. 

Rational matrix functions. Suppose F is a continuous mxm matrix 
function on the unit circle T. Then eigenvalues of F(t) depend continuously 
on the point t E T, that is, there are continuous functions (i{9), . . . , Cm(^), 
9 e [0,27r] such that for each 9, F(e*^) has eigenvalues Ci(^), ■ ■ ■ , Cm(^), 
counted with their multiplicities. In general, Ci(0) 7^ 0(27r). For a point 
zq E C such that det{F{t) — zqI) does not vanish for t G T, we define the 
winding number of the matrix function F around zq as the sum of the incre- 
ments of the argument of Ci(-) — zq. 

windF(^o) = ^ ^[0,2^] arg (Cj(-) - ^0) • (5) 

The number windF(-Zo) equals to the winding number of the scalar function 
9 ^ dct (F(e*^) — zqI^ around the origin. Hence it does not depend on the 
choice of continuous branches of eigenvalues Ci, . . . , C,^. 
We need some special classes of symbols. 

Definitions. Let F be a square matrix function on the (open) unit disc D. 
Function F will be called 

- analytic, if F is bounded and analytic on D; 

- normal, if the matrix F{t) is defined and is normal for almost every 
t e T; 

- non-degenerate, if for any constant c in C, the determinant 

det(F(i) - cl) 

is not identically zero on D. 

We denote by NDRN^ the class of all non-degenerate rational normal ma- 
trix functions of size mxm, and by NDARN^ the class of all non- degenerate 
analytic rational normal matrix functions of size mxm (so that NDARN^ 
is a subclass of NDRN^). 

If F is rational, then it is non-degenerate iff for any c, the above deter- 
minant is not identically zero on C. A scalar rational function on D without 
poles on closD is non-degenerate iff it is not constant. 
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We say that a domain Q in C is p- connected (or has connectivity p) if the 
homology group 7i^(J7,Z) is isomorphic to Z^. A simply connected domain 
has connectivity and a domain with one hole has connectivity 1. Sometimes 
the use of this term is different. 

Aharonov and Shapiro also proved in [3] the following result. 

Theorem B (Aharonov and Shapiro). A simply connected domain Q is 
a quadrature domain if and only if there is a (scalar) rational function g, 
which is analytic on the closed unit disc, univalent in the open unit disc D 
and satisfies giji) — Jl. 

In the situation of this theorem, equations z = g{t), w = g{t~^), t G D 
define implicitly the Schwartz function on Q. If {tk} are the poles of g on the 
Riemann sphere, then the nodes of Q are exactly the points g(t^^). Here we 
denote by z both the meromorphic function z{5) on A and the independent 
variable of the 2;-plane; it should not confuse the reader. 

Our first result extends Theorem B to the multiply connected case. 

Theorem 1 . A hounded domain Q, in C is a quadrature domain if and only 

if there is a natural number m and a function F G NDARN^ with continuous 
branches (i{9), . . . , Cm(^) of eigenvalues of F{e^^), 9 G [0, 27r] such that 



(2) windF(-2) = 1 for z G fl; 

(3) wrndpiz) ^0 for ze C\closQ. 

// Q has connectivity p, then one can find a function F with these properties 
in NDARNp+i. 

If n and F are related as in this theorem, we will say that the matrix 
function F generates the domain fi. 

In fact, in §1 we will associate with any function F G NDARN^ an alge- 
braic curve A(2)(F) in and an algebraic curve A(3)(F) in C^. Theorem 3 
and its Corollary assert that an algebraic curve A in is admissible, pole 
definite and separated iff A = A(2) (F) for some F G NDARN^ (for a certain 
m). Theorem 1 can be considered as a particular case of this result. For the 
reader's convenience, we will prove Theorem 1 independently of Theorem 3. 

Now let us pass to the operator theory objects we will need. 

Analytic vector Toeplitz operators. Let m > 1 be an integer. The 
vector Hardy space is 



(1) 9fi = U,0([0,27r]); 
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it is a Hilbert space of C"*-valued analytic functions in the unit disc D. A 
function f{t) in can also be considered as a C™- valued function on 
the unit circle; its values on the circle are radial limits of its values on D a.e. 
In this interpretation, the space becomes a closed subspace of L^(C"*), 
and in the above formula a„ are the Fourier coefficients of /. 

For m — 1, is a classical scalar- valued Hardy space i?^; in general, 
= H^- We refer to [16] for basic properties of Hardy spaces H^. 

The class consists of all bounded analytic functions in D; it is equipped 
with the supremum norm. We denote by i^^xfe class of m x k matrix 
functions on the unit disc, whose entries are in H'^. These matrix functions, 
certainly, also have boundary limit values a.e. on T. 

Let F e if^xm- The analytic vector Toeplitz operator on the vector 
Hardy space H^^ with the symbol F is in fact a multiplication operator, 
which acts by the formula 

TF9{t)^F{t)g{t), geHl 

(the general definition of a vector Toeplitz operator will be given in §3). 

Subnormal operators. Let if be a Hilbert space. Throughout the 
article, we will deal only with separable complex Hilbert spaces and bounded 
linear operators. We denote by C{Hi,H2) the set of linear operators acting 
from Hi to if 2 and write C{H) instead of C{H, H). 

Definitions. A linear operator S acting on a Hilbert space H is called sub- 
normal if there exist a larger Hilbert space K, K D H and a normal operator 

in £{K) such that NH C if and 5 = A^|ii. In this case, we call A^ a 
normal extension of S. We will say that S has no point masses if it has a 
normal extension A^ that has no non-zero eigenvectors. We call -S" pure if it 
has no nonzero invariant subspace, on which it is normal. 

We will say that a subnormal operator S is of finite type if it is pure and 
its self-commutator [S*, S] S*S — SS* has finite rank. 

Subnormal operators have been much investigated; we refer to the book 
[13] for a background. 

In a general setting, a kind of the spectral theory of subnormal operators 
was developed by Xia in [50]-[53]. In author's previous work [59], [60], an 
alternative exposition of Xia's theory for subnormal operators of finite type 
was given. A strong two-sided relationship between subnormal operators 
of finite type and pole definite real-type algebraic curves was revealed. A 
discriminant curve of a subnormal operator of finite type was defined there; 
it is an algebraic curve of real type such that all its non-degenerate irreducible 
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pieces are real-type pole definite (see formulas (16), (17) below). It was shown 
in [52], [60] that a subnormal operator can be modeled as a multiplication 
operator by the coordinate z on a direct sum of certain (vector) Hardy classes 
over the + parts of the irreducible pieces of the curve. The converse statement 
also is true (see [60] and Theorem E in §3 below). In §§6, 7 of the present 
work, we will make use of these results. All necessary definitions will be 
repeated. We also make some small corrections to the formulations in [59], 
[60]. 

Theorem 2. An operator S is a subnormal operator of finite type without 
point masses if and only if it is unitarily equivalent to a vector Toeplitz op- 
erator Tp for some symbol F of class NDARN^ for some m. 

It will follow from the proof that the function F is not determined uniquely. 

Any scalar rational nonconstant function F on D without poles in closD 
belongs to NDARNi. Since the analytic Toeplitz operator Tp on has a 
normal extension, which is the operator of multiplication by F on L^(T), Tp 
is subnormal. Since this normal extension has no non-zero eigenvectors, Tp 
has no point masses. As it follows from formula (11), for any such F, Tp is of 
finite type. This illustrates one of implications in Theorem 2 for this simple 
case. 

The logic of our exposition is as follows. In §1, we discuss a special class 
of algebraic curves in C^, which we call Ahlfors type curves. We formulate 
Theorem 3, which gives a relationship between rational matrix functions in 
NDARNm, pole definite curves in and Ahlfors type curves in C^. In §2, 
among other things, we define vector Hardy spaces of a bordered Riemann 
surface. In §3, we formulate Theorem 4, which characterizes commuting pairs 
of operators {S, V) such that S is a, subnormal of finite type without point 
masses and K is a pure isometry. Theorems 1 and 4 are proven in §4, Theorem 
2 in §5 and Theorem 3 in §6. The proof of Theorem 3 is based on Theorem 

4 and the existence of a pure isometry V , which commutes with a given 
subnormal S of finite type. This is the assertion of Lemma 6, which plays a 
crucial role. This lemma is derived from the structure result for subnormal 
operators of finite type from [52], [60]. 

Note that Theorem 3 has purely algebraic formulation, but our method 
of proving it relies on Operator Theory. 

A subnormal operator of finite type is determined uniquely by two ma- 
trices. In §7, we calculate these matrix parameters of a subnormal operator 

5 without point masses in terms of a function F in NDARN^ such that S 
is unitarily equivalent to Tp. In §8, wc describe a method for constructing 
matrices of classes NDRN^, NDARN^. Some references to related fields are 
given in the final §9. 
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Some of our arguments resemble the constructions by S. Fedorov and B. 
Pavlov [18], [19], [34] and by Abrahamse and Bastian [1]. 

Acknowledgements. The author is grateful to the referee for his/her 
suggestions, which helped to improve the article. 

1 Ahlfors type functions, Ahlfors type curves, 
and rational matrix functions of classes 

NDRN^, NDARN^. 

Definition. Suppose that A is a real- type algebraic curve in C^, all whose 
irreducible pieces arc nondegcncratc (that is, A = Andcg)- We call a function 
^ on A an Ahlfors type function if ^ is globally meromorphic on each irre- 
ducible piece of A and for 5 e A, = 1 if and only if 6 belongs to the 
real part Am of A. 

Let Aj be an irreducible piece of A. It follows that A^ divides Aj into a 
union of two disjoint open sets, namely, {|^((^)| < 1} and {|C(5)| > 1}- Since 
Aj\A]K has at most two connected components, these components are exactly 
these two subsets. We conclude that if A has an Ahlfors type function, then 
A is separated. 

By the Schwartz reflection principle, every Ahlfors type function satisfies 
= SeA. 

For any irreducible piece A^ of A, the function ^, restricted to the com- 
ponent {S e Aj : 1^(5)1 < 1} is a branched covering of the unit disc. 

As proved Ahlfors in 1950, for any compact bordered Riemann surface fl 
there exists a branched covering ^ : Q D, where D is the unit disc, see [5], 
Theorem 10. The proof made use of a certain extremal problem. If Q has 
p handles and q boundary contours, then [5] the degree N of the extremal 
Alhfors function satisfies q < N < 2p + q. 

Let A be a separated real type algebraic curve without degenerate pieces, 
Aj one of its irreducible pieces, and A^ (any) of the connected components 

of the complement Aj\Af^. Let ^ : A^ ^ D be a branched covering. Then, 
by the Schwartz reflection, ^ continues to an Ahlfors type function on A. We 
come to the following 

Proposition 1. A real type algebraic curve has an Ahlfors type function if 
and only if it is separated. 

According to our definition, a general Ahlfors type function needs not to 
be related to an extremal problem, so that its degree needs not to satisfy the 
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above bounds. We refer to [20], Chaper 5, and to [62] and references therein 
for more information. 

Definition. Let A3 be an algebraic curve in and A3 its desingularization. 
We call it an Ahlfors type curve if 

a) The coordinate functions (denoted by z, w, t it the sequel) are non- 
constant on each irreducible piece of A3; 

b) A3 is invariant under the anti-analytic involution {z, w, t) ^ {w, z, t~^)] 

c) Every point in A3 with = 1 is a fixed point of this involution. 

Let A3 be an Ahlfors type curve, then the complement of the set |t| = 1 
in any of irreducible pieces of A3 is not connected. By the general theory 
of Klein surfaces, each of irreducible pieces of A3 is separated, and the set 
\t\ — 1 divides it into exactly two components, defined, respectively, by the 
inequalities \t\ < 1 and \t\ > 1. The following properties are straightforward. 

Proposition 2. 1) If A3 is an Alhfors type curve in C^, then its projection 
onto the plane zw is a real-type separated algebraic curve in C^. All its 

irreducible pieces are non- degenerate. 

2) Conversely, let A be a real-type non- degenerate algebraic curve in 
without degenerate components, and let ^ be an Ahlfors type function on it. 
Then the graph curve 

{{z,w,i{{z,w)))eC': {z,w)eA] 

is an Ahlfors type curve. 

If the projection of A3 onto the zw plane is pole definite, then we call A3 
a pole definite Ahlfors type curve. We remark that in general, the degrees of 
this projection on irreducible pieces of A3 can be greater than one. If A3 is 
pole definite Ahlfors type curve and A3 .,• is one of its pieces, then we define 
its "halves" Ag^- as in the Introduction, by requiring that z has no poles on 
the + part. Then \t\ < 1 on one of the halves and |t| > 1 on the other. We 
put (A3)^ = U, A±.. 

Let F be a matrix function in NDRN^ (see the Introduction). Let P be 
the set of poles of F, and put 

Af3)(F) = {(z,w,t) e : ty^O, t,t-^^Pand 

3ipeC"', ^y^O: {F{t) -zl)^= (F*(ri) - wl))ip = O}. 

We put A(3)(F) to be the closure of A{'3)(F) in and 

A(2)(F) = {{z,w)eC^: 3teC: {z,w) G A(3)(F)} 
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(so that A(2)(F) is the projection of A(3)(F) onto the zw-plane). It is easy 
to see that A(3)(F) and A(2)(F) are algebraic curves. 

For a fixed t, there are finitely many pairs {z, w) such that {z, w, t) e 
A(3)(F). Hence A(2)(-F) and A(3)(F) always have complex dimension one. 

The projection {z,w,t) i— >• t maps any irreducible piece of A(3)(F) onto 
the whole i-plane C. For all but finitely many {z,w,t) in A(3)(F), 

Ker {F{t) - zl) = Ker (F*(r^) - wl) 

(because it is so for points of A(3)(F) with \t\ — 1), and the dimension of these 
eigenspaces is positive. This dimension defines an integer-valued multiplicity 
function z/(5) of a point 5 = {z,w,t) G A(3)(F). It follows that A(3)(F) is 
always an Alhfors type curve. 

The desingularization of A(3)(F) is a finite union of irreducible pieces A^. 
There exist positive integers aj such that 1/(5) = aj on Aj (except for a finite 
number of points). 

Theorem 3. Let A be an algebraic curve in C^. Then A is a pole definite 
Ahlfors type algebraic curve such that \t\ < 1 on A+ if and only if there 
is a nan- degenerate analytic rational normal matrix function F such that 
A = A(3)(F). 

CoroIIciry. An algebraic curve A in is real-type, separated and pole def- 
inite if and only if there exist m > 1 and a matrix function F e NDARN^ 
such that A = A(2) (F) . 

This follows at once from the Theorem and from Propositions 1 and 2. 
If F e NDRNi, then A(3)(F) coincides with the image of the map t i— > 

(t, F{t), F(t~^)^, t e C. If, moreover, F is analytic and univalent on D, then 
the quadrature domain F{3) equals to the 2;-projection of A(3)(F). 

It would be interesting to see an algebraic proof of Theorem 3 and to 
extend this result to functions F in NDRN^. We will give an operator 
theoretic proof. The "if" part of Theorem 3 is straightforward. 

It is common in the algebraic geometry to consider algebraic curves in 
as imbedded in the projective space P^(C), see [21]. Here we do not make an 
explicit use of this point of view. 

2 Pure Isometries and Vector Hardy Spaces 

We recall that an operator y on a Hilbert space H is called an isometry if 
\\Vh\\ = for all /i e -ff. If F is an isometry, it does not follow that V* 
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also is; if it does, then y is a unitary operator. An isometry V is called pure 
if it does not have a non-zero invariant subspace Hi <Z H such that V\Hi is 
unitary. 

Let m > 1. An example of a unitary operator is given by the operator of 
the forward shift operator on the space /^(Z, C™) of two-sided vector- valued 
sequences: 

The Fourier transform 

J' : {an} e f{Z, C") ^ fit) = J2 «nt" e L^T, C'") (6) 

is a unitary isomorphism of /^(Z, C™") onto L^(T, C™"). This transform is in 
fact a spectral representation of U in the sense that 

rUT-^f{t) = tf{t), f e L\T, C"^). 

We put Z_,_ = {n e Z : n > 0}, Z_ = {n G Z : n < 0}. It is easy to see that 
/^(Z+jC") is an invariant subspace of U, and V = [/|/^(Z_|_, C™") is a pure 
isometry. In the spectral representation of U, operator V takes the form 

J^UJ^-'f{t)^tf{t), feHl 

We will also need the Hardy space 

One has an orthogonal sum decomposition L^(T, C™) = ^(BH^. Formula 
(6) permits one to interpret functions in ^ as boundary values of functions 
/(t), analytic on C\ closD with /(oo) = (here C = CU{oo} is the Riemann 
sphere) . 

Definition. Let H he a Hilbert space and V : H ^ H an isometry. Let 
m E N. An operator R : H ^ will be called a Kolmogorov-Wold 
representation o/y if it! is a unitary operator, which transforms V into the 
multiplication operator by the independent variable: 

RVR-'f{t) = tf{t), feHl. 

The following statement is a particular case of the Kolmogorov - Wold 
lemma, see [33]. 

Proposition 3 (Kolmogorov-Wold). Let H he a Hilbert space and V : 
H ^ H an isometry. Then there exists a Kolmogorov-Wold representation 
R : H ^ H^ of V if and only if V is pure and dim{H Q VH) — m. 
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Vector Hardy Spaces. Let Q be a non-compact Riemann surface with 
piecewice smooth boundary dfl (we assume that clos Q = i7 U dfl is compact 
and is embedded into a larger Riemann sufrace without boundary and that Q 
equals to the interior of closl^). Then the Dirichlet problem in Q is uniquely 
solvable, that is, for any / G C{dfl) there is a unique h e C(closf2), which 
is harmonic in Q and satisfies h\dD, — f. Pick a point po £ ^- Since the dual 
space to C{dQ) equals to the space of finite Borel measures on dfl, it follows 
that there is a unique measure dcu — dcUp^ such that the formula 



holds for all functions / and h, related as above. The measure doj is positive 
and is called the harmonic measure for dfl at po. 

Assume that po is fixed. Let W he a k x k measurable matrix valued 
weight on dQ. We say that W is admissible iiW > and W, are essen- 
tially bounded. The corresponding weighted Hardy class H^{W, fl) consists 
of analytic vector- valued functions f : fl ^ such that the function ||/(-)|p 
has a harmonic majorant in fl. Each such function / has boundary values 
a.e. on dfl. The norm 



makes Hl{W,fl) a Hilbert space (see [26], [20] or [60], §9 for more details). 

For any function g G H'^lfl), the operator of multiplication by g on 
H^{W, fl) is subnormal. (In general, we denote by Mq the operator of mul- 
tiplication by a function G: Mcf = G ■ f). In particular, this applies to any 
bounded domain Q in C with piecewise smooth boundary. 

It is shown in the general theory of subnormal operators [13] that every 
subnormal operator S : H H has a minimal normal extension N : K ^ 
K, K D H, in the sense that N has no invariant subspace Ki, H G Hi C K 
such that the restriction of to Ki is normal. The minimal normal extension 
is unique up to the unitary equivalence. 

The relationship between subnormal operators of finite type and quadra- 
ture domains is seen from the following result. 

Theorem C (McCarthy, Yang [30] ). Let fl be a bounded finitely connected 
domain in C and p a scalar admissible weight on dfl. Then the operator 



on H^{p, fl) satisfies r ank ( M* — M^M*) < oo if and only ifflisa quadra- 
ture domain. 





MJ{z) = zf{z) 
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It is also easy to show (see, for instance, [60], Lemma 9.2) that the above 
operator on H'^{p. 0.) is pure subnormal and its minimal normal extension 
is the operator on L'^{dQ, duj). 

In the next section, we will need the following notation. Let ^2 be a 
bordered Riemann surface as above, let A G C and let r : f2 — > C be a 
non-constant holomorphic function. We put 



where the solutions 5 of the equation t{5) — \ are counted with their mul- 
tiplicities. If r is continuous on clos Vt and analytic in Q, then the function 
A 1-^ indA(T, VL) is locally constant on C\r((?0). 

3 Vector Toeplitz operators and subnormal 
operators 

Here we introduce some extra notation and formulate Theorem 4, which will 
be used in the proof of Theorem 3. 

For a hnear operator T on a Banach space H, consider an open set 

p^(r) = {AeC: 3£>0: ||(T - A/)x|| > £||a;||, x^H). 

For A G pi{T), the image (T — XI)H is closed in H. The function indy : 
Pi{T) Z+ U {oo}, defined by 

indT(A) = dim {H Q (T - XI)H) 

is locally constant on pi{T). 

Take any matrix- valued function F in L°°(T, C"-^"'-). We define the (vec- 
tor) Toephtz operator Tp in C{H^) and the (vector) Hankel operator Tp in 



Tfx = P+{F ■ x), Tpx = P-{F ■ x). 
The function F is called the symbol of these operators. If F e -f^^xm' 



Let F be a function in if^^^, which is continuous on the closed unit disc 
(that is, we assume that the entries of F are in the disc algebra). Choose the 
curves Q as in Theorem 1, and let 



mdx{T,n) = tt{5 e O : t{6) = A}, 



(7) 




(8) 



3 



se[0,27r] 
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It is known [9] that for a function F e H^^^, continuous on the closed unit 
disc, 

Pi{Tp) = C\7(F), indr^(A) = wind^ (A), A G pi{Tf). (9) 

Many much more general facts about different types of spectrum of scalar 
and vector Toeplitz operators are known, see, for instance, [9] and [33]. 
The next fact is also well-known. 

Proposition 4. A bounded operator T on commutes with the shift op- 
erator Mt on if and only ifT = TF for some symbol F e H^^^. 

It is clear that for any normal symbol F e H^^^, operator Tp on is 
subnormal (not necessarily pure), and operator Mp on L'^{T) is its normal 
extension. 

The next three lemmas will be proven in the next section. 

Lemma 1. A vector Toeplitz operator Tp with symbol F e -f^^xm a finite 
rank self-commutator iff F is normal and rational. 

Lemma 2. Let F e -ff^xm ^ normal symbol. The operator Tp is pure 
subnormal if and only if F is non- degenerate. If this condition is fulfilled, 
then the operator Mp on Li^iT) is the minimal normal extension ofTp. 

Lemma 3. Let F e NDARN^, and define 7(F) hy (8). Let A ^ 7(F). Then 

wmdp{\) = dim [Hi e [Mp - \)HI) = indx[z, A%){F)), (10) 
where the last index is defined in (7). 

Lemma 4. A vector Toeplitz operator Tp with symbol F e -f^mxm ^ 
normal operator of finite type without point masses if and only if its symbol 
F belongs to NDARN^. 

Proof. The "only if" part follows directly from Lemmas 1 and 2. Conversely, 
suppose that F e NDARN^. Then, by the same lemmas, Tp is pure subnor- 
mal and has finite rank self-commutator. It is clear that for any c G C, the 
set of points t E T such that dct(-F(t) — cJ) = has zero measure. Hence 
the operator Mp on Ll{T) has no non- zero eigenvectors. By Lemma 2, this 
operator is the minimal normal extension of Tp. Therefore Tp has no point 
masses. □ 

Theorem 4. Let V : H ^ H be a pure isometry with codimV^i? = m < 00, 
and let S : H ^ H be a bounded operator. Let R : H ^ be the 
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Kolmogorov-Wold representation of V. Then the following conditions are 
equivalent: 

(1) S is a pure subnormal operator without point masses of finite type 

and operators S and V commute; 

(2) RSR~^ = Tp for som,e m x m matrix symbol F of class NDARN^. 

Operators S and V that satisfy part (1) of this theorem are a very par- 
ticular example of n-tuples of commuting subnormal operators. We refer to 
works by Xia [53], [55] and others for a general study of n-tuples of commut- 
ing subnormal and hyponormal operators. 

4 Proofs of Theorems 1 and 4 and of auxiliary 
lemmas 

First we will prove the theorems modulo Lemmas 1-3. 

Proof of Theorem 1. a) Let Q be a quadrature domain. Let r = t{z) be 
an Ahlfors type function in Q, and fix some admissible weight p on 
Notice that by [5], Theorem 10, one can find r, whose degree equals to the 
connectivity number of fi. Consider operators S = and V = Mr on 
H'^{fl,p). Then 5 is a pure subnormal operator of finite type (see Theorem 
A), V is an isometry, and these operators commute. Let m be the degree of 
T, then it is easy to see that 



Let R : H'^{Vt,p) be the Kolmogorov - Wold representation of V. 

Put T = RSR~^. Then T commutes with the shift operator Mt on (we 
denote by z the independent variable in Q and by t the independent variable 
in D). Hence T = Tp for some symbol F = F{t) e -f^^xm- follows from 
Theorem C and Lemma 2 that F e NDARN^. 

Notice that — XI is left invertible for all X ^ dQ, and that 



Since Tp is unitarily equivalent to the multiphcation operator on if^(Q, p), 
formula (9) imphes that assertions 2) and 3) of Theorem 1 hold. By (5), 1) 
is a consequence of 2) and 3). 

b) Conversely, suppose that F is in NDARN^ and fl is related with F 
by means of conditions l)-3). Consider the separated real- type algebraic 



dim {H\n, p) e TH'^{n, p)) = m. 
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curve A2 = A(2)(F) in C^. Then, by (10), the projection onto the z plane 
is one-to-one on A2 and Q = -^(^+)- By Theorem A, Q is a quadrature 
domain. □ 

Proof of Theorem 4. Let us prove that (1) imphes (2). Put T = RSR'^. 

Since T commutes with Mt on H^, it follows that T = T/,- for a matrix 
function F = F{t) G H!^^,^^. We remind that R is an isometric isomorphism. 
Hence Tp has the same operator properties as the operator S. By Lemma 4, 
F e NDARN^. 

The converse imphcation also follows easily from Lemma 4. □ 

Proof of Lemma 3. The first equality follows from (9). Let us prove the 
second one. Suppose first that A satisfies the following assumption: the 
eigenspace and the root space of F{t) that correspond to eigenvalue A coincide 
for all t G D. It is clear that windF(A) equals to the number of zeros of 
the function f{t) = det [F{t) — A/) in D, counted with multiphcities. The 
extreme right term equals to the sum 



^dimKer (F(i) - A7). 



This implies (10) for points A with the above property. 

For all but a finite number of points t in the unit disc, F{t) has no 
non-trivial Jordan blocks. Hence only a finite number of values of A were 
excluded from our consideration. Since all terms in (10) are locally constant 
on C\7(F), the general case follows. □ 

Proof of Lemma 1. We will use the known formula 

pip — J-FJ-f — F*'- F' -r 1f*F-FF*-, ^ ^ ^mxm- \^^) 

To prove it, notice that for any G G L'^^^iT), Tq — Tq*, and 

G*G — J-G-'-G — i- G- 

Then (11) is obtained by putting G — F and G — F* and taking into account 
that Tp = 0. 

Fix any x = x(t) in H^. It is easy to see that t"a; tends weakly to 
zero and that ||ri7'*(t"a;)|| — > as n ^ oo. By general properties of Toeplitz 
operators (see [33]) and (11), \\{F*F-FF*)x\\ = lim„^oo \\TF*F_FF*t''x\\ = 0. 
Therefore F*F — FF* = a.e. on T, so that F is a normal symbol. Applying 
(11) once again, we get that Tp is a finite rank operator. By Kronecker's 
lemma, F is rational (see [33], p. 183 for the scalar case; the vector case has 
the same proof). □ 
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Before proving Lemma 2, we will need one more fact. 

Lemma 5. Let F,9, Gbemxm, mxs and s x s constant matrices, 
respectively, where 1 < s < m. If F is normal, 9*9 — I and F*9 — 9G, then 
G is normal and F9 — 9G*. 

Proof. For any polynomial p, p{F*)9 = 9p{G). Since F is normal, we can 
find a polynomial p with simple roots such that p{F*) — 0. It follows that G 
also has no non-trivial Jordan blocks. 

Let ai, . . . , e be a complete family of eigenvectors of G and Ai, . . . , 
the corresponding eigenvalues. We assume that if Aj = A^ and j ^ k, then 
{aj,ak) = 0. 

We have 

{F* - Xjl)9aj = 9{G - \I)aj = 0. 

Therefore if Xj ^ \k, then {aj, a^) = {9aj, 9ak) — 0. Hence ai, . . . , form 
an orthogonal basis, so that G is normal. Prom the normahty of F and G 
we get 

F9aj — Xj9aj = 9G*aj, j — 1, . . . , s, 
which implies that F9 ^ 9G* . □ 

Recall that a function e i^^xs called inner if its boundary values 
on T are isometrics a.e. (then it follows that s <m). 

Proof of Lemma 2. Suppose first that F is degenerate, that is, there is a 
constant c e C such that det{F{t) — cl) = for t eB). Then the same holds 
for a.e. t e T. Put 

L = {a; e i/^ : Fx^cx a.e. onT} 
= {x e Hl^: F*x = cx a.e. on T}. 

Note that {F-cI)x = a.e. on T iff {F-cI)x = in D. Put X = {F-ciy, 
where {F — cI)^ is the transpose associate matrix to F — cI. Then X G H^xm 
and {F - cI)X = 0. If X ^ 0, then L 7^ 0. If X = 0, then there exists an 
integer k, < k < m and a k x m submatrix G oi F — cl such that for a 
vector X in H^, {F — cl)x = in D if and only if Gx = in D. We take 
the smallest possible k. Let G' be any matrix in H^_k)xm ^^^^ det J ^ 0, 

where J =^ ( g' )• Then it is easy to see that x J^{0, • ■ • , 0, 1)""" ^ is in L. 

It follows that in all cases, the subspace L is non-zero, closed and is 
invariant both for Tp and Tp = P^Mp*. Hence Tp is not pure. 

Let us prove the converse. Suppose that F is non-degenerate. In general, 
ii S E C{H) is a subnormal operator (not necessarily pure) and N e C{K) 
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its normal extension, then the maximal invariant subspace of S on which S 
is normal is given hy Hi ^ [x e H : N*''x e H V/c e N} (see [13]). So in 
our case, 

Hi = {xeHl: F*^x eHl VA; G N} 

and we have to prove that Hi = 0. We remark that Hi is a closed M^- 
invariant subspace of H^. li Hi ^ 0, then by the Beurling-Lax-Halmos 
theorem (see [33]), there exists a natural s, 1 < s < m and a matrix function 
9 e H^^^ such that 9{t) is an isometry for a.e. t eT and Hi = 9H^. For all 
r E C^, F*9r E Hg. Therefore there exists a function G in H'^^ such that 

F*9 = 9G a.e. on T. (12) 

For any complex c, we can replace F, G by F — cl, G — cl. We will 
assume without loss of generality that detG(O) — 0. 
Lemma 5 yields 

F9 = 9G* a.e. on T. (13) 

The matrix 9 has a. s x s minor whose determinant is not identically zero on 
T. Therefore there exists a constant s x m matrix p such that det(p6') ^ 0. 
Note that det{p9) e H°°. By (13), 

pF''9 = p9G*'' a.e. on T (14) 

for all n e N. Put ^ = detG, then g e H'^. By (14), 

^"det(p^)|T e (15) 

for all n e N. We obtain from the Nevanlinna factorization that g — (p~^h on 
the unit circle, where h G and (/? is inner. It follows that for every n, the 
function /i"det(p6') has an inner multiple ip"". This implies that ip divides h. 
Therefore g = hi onT for some hi in H°°, so that g — const. Since 51 (0) = 0, 
we get that g = 0. 

Let a{t) G KerG'(t) for t G T, a{t) ^ 0, a.e. t G T. By (12), F*{9a) = 
on T, which yields det F(t) = 0. This contradicts to our assumption that F 
is non-degenerate. We have proved that Hi = 0, that is, that S is pure. 

At last, suppose that det(F — cl) ^ on T for all c G C, and let us check 
that Mp is a minimal normal extension of Tp. We have to prove that the 
subspace 

is: = span{F*"//^:n>0} 

of -^^(T) coincides with L^(T). Suppose that for some y in L^(T), we have 
(y, F*"x) = for all x in H^ and all n > 0. Then yismH^_. 
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The formula x{t) — tx{t) defines a symmetry on L^(T), which maps 
onto H'i^ and H'i^ onto H^. Put F{t) = F*{t), then F is also in H^^^. 

Applying the symmetry x ^ x, we get {F*""y,u) — for all u'^ x in H^_. 

Therefore e if^ for all n > 0. Since F has the same properties as F, 
we conclude from the above that y — 0. Hence K — L^(T). □ 

5 Discriminant curve of a subnormal opera- 
tor. Proof of Theorem 2 

Let 5* be a subnormal operator of finite type. Put 
M'^^^ Range S* S -SS*] 

C = C{S) =S*S - SS*\M, A = A(^) = {S*\M) . 

It is known that C > and S*M C M. In [50], [51], Xia discovered the role 
of operators C, A in the study of the spectral structure of the operator S. 
In [50]-[56], he constructed and studied an analytic model of a subnormal 
operator with the help of these operators and a certain project ion- valued 
function, analytic outside the spectrum of the minimal normal extension of 
S ("Xia's mosaic"). One of the consequences of Xia's results is that the pair 
(C, A) of operators on M completely determines a pure subnormal operator 
S. 

In our context of the study of subnormal operators of finite type we 
associate with any operators C = C* and A on a finite dimensional space M 
the discriminant surface, given by 

A = {(^, w) e : det(C - {w - K*){z - A)) = 0} (17) 

It always is an algebraic curve of real type. 

If in (17), C and A correspond to a finite type subnormal operator 
then we will write A = A (5*). 

In [59], conditions on A that are necessary and sufficient for the existence 
of S with C = C{S), A = A{S) were given. The formulations in [59] contain 
certain inaccuracies. The corrections are as follows. 

Let A be given by (17). Define, as in [59], a meromorphic >C(M)-valued 
function Q by 

Q{5) =U^{C{z - A)-i + A*), 5={z,w)eA\ z-' (a(A)) , 

where 11^(74) is the Riesz projection onto the root space of a matrix A corre- 
sponding to the eigenvalue w. The values Q{S), S e A are parallel projections 



Real algebraic curves and operator theory 



22 



in M. Let be the (finite) set of singularities of A. Then Theorem 1 in 
[59] has to be formulated as follows (we conserve the numeration of formulas 
of [59]). 

Theorem D ([59], Theorem 1). Let M be a finite- dimensional Hilbert 
space and C, A operators on M with C > 0. Define A,Q as above. Then 
there exists a subnormal operator S satisfying C — C{S) and A = A(5') if 
and only if the following conditions hold: 

i) A is separated and pole definite; 

a) Put 

E ^((^'^))' ^eC\(a(A)U7U^(A,)). (4.1) 

tu:(z,ty)GA+ 

Then there exists a positive C{M)-valued measure de{-) such that 

(A _ _ ^(^)) ^ / ^ e c \ (a(A) U 7 U ^(A,)) (4.2) 

J u z 

and 

{C - (u- A*)iu- A))de{u) =0. (4.3) 

// (i), (a) hold, then the measure de{-) is connected with the operator S by 
the formula (1.1) (from [59]), and fi is Xia's mosaic of S. 

In Theorem 2 in [59], one just has to replace item i') by the following: 
i') A is separated and pole definite. 

Proposition 1 in [59] is erroneous, namely, it may happen that A is sep- 
arated and pole definite, but the set {|^| = 1} is strictly larger than Ar. 
One has to define A_|_ and A__ only for separated pole definite curves A (as 
we do in the present paper). Then in the proof of Theorem D formula (5.10) 
(see [59]) can just be taken as a definition of A-t. It follows from [59], Lemma 
1 that A is pole definite. 

We remark that for a subnormal operator S of finite type, A{S) is always 
separated, but can have degenerate pieces (even if S has no point masses). 

The paper [60] explains how to construct the operator S, starting from 
the corresponding C and A; this paper was based on previous work by Xia. 
The model of the operator S was formulated in [60] in terms of weighted 
analytic functional classes of the + halves of the components A^ of the 
curve A(S'). Shght modifications are to be done also in this paper. Namely, 
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in Lemma 11.4 and Theorem 11.5 one has to replace the word "separated" 
by "separated pole definite". Then Lemma 11.1 is not necessary. 

Let be the minimal normal extension of S. As Xia proves, the spectrum 
of the minimal normal extension of S* coincides with the 2;-projection of 
the real part A]r of the discriminant curve (17) (with a possible exception of 
a finite number of points). That is, 

a{N) ^{zeC:det{C-{z- A*){z - A)) = O}; (18) 

here B means that sets A, B differ in a finite number of points. 

In what follows, we repeat briefiy the results of [52], [60] that will be used 
in the sequel. 

Let A = A(S'), then A is a separated pole definite real type algebraic 
curve. Let Andeg = [J^/ have degenerate components). Sup- 

pose we have admissible matrix- valued weights Wj on the boundaries 5A+. 
For simplicity of notation, we denote by W the collection of matrix weights 
(Wi, . . .,Wk), and put 

For any choice of a non- degenerate separated pole definite curve Andeg and 
a weight W, the multiplication operator 

iMJ)i5)^z{S)f{S) 

is pure subnormal of finite type; moreover, its discriminant surface coincides 
with [jj Aj^ ([60], Lemma 11.4). Subnormal operators that are unitarily 
equivalent to these ones were called simple in [60]. 

Theorem E (see [52], [60]). Let S be a subnormal operator without point 
masses, and let |J A^^ be the non- degenerate part of its discriminant surface 

A{S). Then there are kj x kj admissible matrix weights Wj on dAj' and a 
subspace 

H, c H\W, A+ ,g) 

of finite codimension such that Hi is invariant under operator and S is 
unitarily equivalent to operator M^, restricted to Hi. 

Conversely, for any separated pole definite curve A = YIA/ without 
degenerate components, any kj x kj matrix weights Wj and any subspace 
Hi of H'^ {W, A^^^^) with the above properties, the operator on Hi will 
be subnormal of finite type, and the non- degenerate part of the discriminant 
surface A(M^) will be exactly equal to [j A^^ . 



Real algebraic curves and operator theory 



24 



A subspace Hi of H'^{W, A^^^g) has the above two properties iff it has a 
form 

Hi = {xeH\W,A+^^^): {x,ijij = 0, I < k < r, < j < mk} (19) 

where (not necessarily distinct) points Afc, 1 < /c < r belong to IJ^- z{A'j') 
and {'?/'{^}™?Q are corresponding Jordan chains of generalized eigenvectors: 
(M: - \k)rx, = 0, (M* - Afc)V^i^ = V^i;\ j = 1, . . . , mfe. See [60], Theorem 
12.3. 

Lemma 6. For every subnormal operator S of finite type without point 
masses, there exists an isometry V as in Theorem 4 such that SV = VS. 

Proof. We apply Theorem E. Let A be the discriminant surface of S, and 
fix an Ahlfors type function on its non- degenerate part Andcg such that 
\(p\ < 1 on A^^gg. Replacing by a unitarily equivalent operator, we can 

assume that Sf{6) = z{6)f{6), f ^ Hi, where Hi is a subspace of H'^{W, A+) 
of finite codimension for some admissible matrix weights Wj . Representation 
(19) implies that there exists a natural N such that 

• H\W, A+ ,g) c ^1 C H\W, A+ ,g), (20) 

where 

k 

Consider the finite Blaschke product B{^) = Ylj j^^^^, where {6j} are all 

points of A_|_ whose ^-projection coincides with one of Xk. Set = B'^^ o y?, 
where Ni is a natural number. If B is constant, then we put (pi = (p. Then 
(fi is also an Ahlfors type function on Andeg- If A^i is large enough, then, 
moreover, (20) imphes that 

^iHiC^'^H'iW^At^JcHi. 

In particular, the operator of multiplication by (pi acts on Hi. Denote this 
operator by V. It is obviously a pure isometry, and the codimension of VHi 
in Hi is finite (every function in Hi, which has zeros of sufficiently high order 
in zeros of ipi belongs to VHi). The equality SV = VS holds, because both 
are multiplication operators by scalar functions. □ 

Remark. If S is simple in the sense of [60], then one can take Hi = 
if^(iy, Ajidcg)- It follows that in this case one can put ipi = Lp. The de- 
gree of ipi on each piece A^ of Andeg does not exceed 2pj + qj, where pj 
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stands for the number of handles and qj stands for the number of boundary 
contours of A^. If S is not simple, then the minimal possible degrees of (fi 
on irreducible pieces of Andeg can be much higher. 

Proof of Theorem 2. (1) If F e NDARN^, then by Lemmas 1 and 2, Tp is 
a subnormal operator of finite type without point masses, and the same is 
true for any operator unitarily equivalent to Tp- 

(2) Conversely, let S* be a subnormal operator of finite type without point 
masses. By Lemma 6, there exists a pure isometry V that commutes with S. 
Now Theorem 4 provides a desired matrix symbol F in NDARN^ (for some 
m) such that S and Tp are unitarily equivalent. □ 

The construction of the isometry V is far from unique. Hence the symbol 
F in Theorem 2 is also determined in a non-unique way. 



6 Proof of Theorem 3 

Let Pz^t be the projection of onto its coordinate subspace zt: 

P,,tiz,w,t) = {z,t), {z,w,t)eC^ 

Lemma 7. Let A3 be an Ahlfors type curve in ( not necessarily pole def- 
inite). Then there is finite subset $ of A3 such that Pz,t is one-to-one on 

A3\$. 

Proof. The image P^^^As is an algebraic curve in C^. Let P^^t^s and A3 be 
the desingularizations of the curves P^^t^s, A3. Then f|A3 is a branched 
covering of P^^t^s- The number of preimages of a point of A3 under this 
covering (counted with multiplicities) is constant on each irreducible piece 
of Pj^jA3. Take an irreducible piece K of P^^^As. It is a projection of (at 
least one) irreducible piece of A3. Hence the set of solutions of the equation 
\t\ — 1 on K is a, finite union of closed curves, in particular, it is infinite. Any 
generic point {z,t) of this set has only one preimage on A3, namely, {z,z,t) 
(see the definition of an Ahlfors type curve in §1). Therefore, in general, 
all but finite number of points of K have only one preimage on A3. The 
assertion of Lemma follows. □ 

It follows from this lemma that every Ahlfors type curve A3 restores in a 
unique way from its projection onto the plane zt. 

Lemma 8. Let r(-, •) be a polynomial in two variables and F be a matrix 
function in NDRN^ for some m. Then r{Mp, Mf) = if and only ifr{z, t) = 
on A(3)(P). 
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Proof. Put A3 = A(3)(F). For t e T, 

C"^= Ker{F{t)- zl). (21) 

(z,t)ePz,t A3 

It follows that the same is true for all but a finite number of points t G closD. 
Consider the vector bundle JF over the open subset {\t\ < 1} of Pzt^3 with 
fibers 

J^{{z,t))^Ker{F{t)-zl), \t\ < 1 
(the dimension kj of the fiber can be different on different irreducible pieces 

For any meromorphic cross-section rj of put 

{Pr]){t)^ E ^{M)^ N<1- 

z: {z,t)ePz,tA3 

It follows from (21) that for any h e H^, there exists a unique meromorphic 
cross-section of such that 

The function can have poles in points {z,t) such that |t| < 1 and (21) is 
violated in t; the orders of these poles are bounded by a constant that only 
depends on the geometry of li h ^ 0, then /i" ^ 0. 
It is easy to see that 

r(MF, Mt)h = r(Mp, M^P/i" = P{r{z, t)h^) , h E H^. (22) 

Therefore r{z,t) = on A(3)(F) implies that r{MF,Mt) = 0. Conversely, 
if r{z,t) ^ 0, then (22) implies that r{MF,Mt)h ^ for any non-zero h in 
Hi- □ 

Proof of Theorem 3. (1) Let m > 1 and F e NDARN^. Then A(3)(F) is 
an Ahlfors type curve. Eigenvalues of matrices F{t), \t\ < 1 are uniformly 
bounded. Therefore A(3)(F) is a pole definite Ahlfors type curve and z is 
bounded on the subset {|t| < 1} of A(3)(F). It follows that the -|- part of 
A(3)(F) coincides with the subset of A(3)(F) where \t\ < 1. 

(2) Conversely, let A be an Ahlfors type curve in C^, meeting the hy- 
potheses of the theorem. Decompose it into irreducible curves: A = (J A^^ . 

We can define "halves" A-^ of irreducible pieces A^ of A so that on A^, z is 
bounded and \t\ < 1. Consider the functional class 

N 

H\W,A^)^^Hl{W„A\), 
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where kj x kj admissible matrix weights Wj are chosen in an arbitrary 
way. Consider (bounded) multiphcation operators S — and V — Mf 
on H^(W, A_|_). Then y is a pure isometry and 5" is a pure subnormal oper- 
ator and VS = SV. By Theorem 4, there exists an integer m > 1, a matrix 
function F G NDARN^ and an isometric isomorphism R : H'^{W, A_|_) — > 
such that RSR~^ = Mp, RVR~^ = Mj. We are going to prove that 
A(3)(F) = A, that is, that these curves have the same irreducible pieces, 
and that their multiplicities also coincide. 

Let us use the notation of Lemmas 7-8. Take any polynomial r{z,t) in 
two variables. Applying Lemma 8 and the above isomorphism, we get that 
r vanishes on A if and only if r(Mi?, Mt) = if and only if r vanishes on 
A(3)(F). This implies that A(3)(F) consists of the same irreducible compo- 

k'- 

nents as A: A(3)(F) = A^-^ for some numbers kj > 1. 

Choose a complex constant a e C such that the images of the real parts 
of the irreducible pieces of A under the function z + at all arc different. It is 
easy to show that it is possible (for any two fixed pieces, the set of a's such 
that these images coincide has empty interior). We can also suppose that 
a is chosen so that the matrix function F{t) + atl is non-degenerate; then 
F{t) + atl e NDARN^. 

We apply Lemma 3 to this matrix function. Since R transforms the pair 
of operators {M^, Mt) on H^{W, A+) into the pair (Mp, Mt) on H^, we get 

indA(^ + at, A+) = codim{{MF^t)+odi)H^) = indA(^ + at, A+.^{F)) 

for all X ^ {z + at) (i9A+) = {z + at) (c^A^^ (F)) . By comparing the jump of 

these indices on (z + at)- images of the components of the curve 5A^^(F), 
we deduce that kj = k'j, j = 1, . . . , N. □ 

Remarks. (1) Suppose that operators S and Tp as in Theorem 2 are uni- 
tarily equivalent. It can be proved by the same argument as above that 

A2(F)=A,deg(7>)=A„deg(^), 

and multiplicities of irreducible components are equal. 

(2) Recall that ii S : H ^ H is a. subnormal operator and its minimal 
normal extension, then S' — N*\K Q H also is subnormal; this operator is 
called dual to S [13] . 

Let S : H ^ H he a subnormal operator of finite type without point 
masses and A^ : 7^ — * its minimal normal extension. Let Tp : — ^ H^^ 
be a Toeplitz operator unitarily equivalent to S as in Theorems 2 and 4 and 
R: H ^ the corresponding isometric isomorphism such that RSR~^ — 



Real algebraic curves and operator theory 



28 



Tp. Then R extends to a unitary isomorphism U : K ^ ^mC^) ^^^h that 
UNU-^ = Mp. One has UH' = H'^_ and UN* = Mp^U. It follows that 
the dual operator S' is unitarily equivalent to Tp, where F{t) — F*(t). 

It follows from the remark after the proof of Lemma 6 and from the above 
proof that if A is a pole definite Ahlfors type curve in C^, then A = A(3)(F) 
for some F in NDARN^, with 

j 

where A = |J A*^^ and p^, qj denote the number of handles and of boundary 
contours of A+, respectively. 

7 Characterization of matrix parameters 

Here we will describe matrix parameters (C, A) of a finite type subnormal 
operator S without point masses (see (16)) in terms of a matrix symbol F 
such that Tp is unitarily equivament to S. First let us discuss Blaschke- 
Potapov products. 

A Blaschke factor is a scalar function of the form b{t) = ^ jz^, where 
a e D and ^ G T are constants. 

A matrix function B e -f^^xifc called inner if B{t) is an isometry for a.e. 
t e T (then it follows that k < m). It is known [35] that an m x m matrix 
function B is rational and inner iff it can be represented as 

M 

B{t) ^vl[{bnit)Pr, + {I - Pn)), 
n=l 

where v is an m x m unitary constant matrix, 6„ are Blaschke factors, and 
Pn are orthogonal projections in C™. Matrix functions B of this class are 
called finite Blaschke-Potapov products. In particular, a scalar function B 
is rational and inner iff it is a finite Blaschke product: B{t) = vY[n=i Kit), 
where is a complex unimodular constant. 

Definition. Let a, h be rational matrix functions in H^^^. We call these 
functions right coprime if equalities a — ai-B, h — HB, where S is a finite 
Blaschke-Potapov product and cti, hi are in H^^^ imply that S is a unitary 
constant. 
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Assume that det a^O, det /i ^ in D. It is easy to see that in this case 
a, h are right coprime iff 

Ker n Ker h{t) = 0, t G D. 

Lemma 9. Let G be a rational m x m matrix function such that det G ^ 0. 

1 ) There is an mxm finite Blaschke-Potapov product a such that Ker Fq — 
aHl. 

2) The above representation o/KerFc is equivalent to a factorization 

G^ha-\ 

where h,a & -ff^xm '^'^^ rational, a is a finite Blaschke-Potapov product and 

h, a are right coprime. 

3) The factorization G = ha~^ of the above form is unique, up to a 
substitution h i— >• hu, a >—>■ an, where u is a unitary constant. 

Wc remark that the factorization G{t) — h{t)a'~^{t) in C is equivalent to 
G{t) = h{t)a*{t), t e T. 

Proof. 1) It is a standard fact that KerFc is invariant under the shift op- 
erator X = x{t) tx{t) on H^. By the Beurhng-Lax-Halmos theorem [33], 
there is an integer k, < k < m and a matrix inner function a of size m x k 
such that KerFc = aH^. In our case of rational G, it is easy to find a finite 
scalar Blaschke product (p such that Ker To D <fH^. It follows that (pi — q;/3, 
where /9 is a matrix inner function of size k x m. Therefore k — m, Ker 
has finite codimension in H^, and a is a finite Blaschke-Potapov product. 

2) Let KerTc = aH^. Then GaH^ C H^, hence h = Ga e H^^^. 
If h and a were not right comprime, that is, h = hiB, a = aiB for a 
nonconstant rational inner function B E if^^m' then G = ha^^ = hitti^ 
would give KerFc C ckiH^, a contradiction. 

Conversely, the same arguments show that a right coprime factorization 
G = ha^^ implies that Ker To = <^Hm- 

Statement 3) follows from the Beurling-Lax-Halmos theorem. □ 

For any m and any matrix function F in NDARN^, det F does not 
vanish identically. Note that F*{t) coincides for t G T with a rational matrix 
function, namely, with the function where F{t) = F*{t). By applying 

(11) and the above Lemma, we deduce the following statement. 

Theorem 5. Suppose F be a matrix function in NDARN^, where m > 1. 
Let 

F*{t) ^ h{t)a-\t), teT 
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be the right coprime factorization ofF* on T, where a is a Blaschke - Potapov 
product in D. Then the space M and matrix parameters C and A of the 
subnormal operator S — Tp (see (16)) can be calculated by the formulas 



In particular, a pair (C, A) of operators on a finite dimensional space M 
gives rise to a subnormal operator of finite type without point masses iff this 
pair is unitarily equivalent to a pair {C, A), given by the above formulas. □ 

It is easy to write down an explicit orthonormal basis of the space 
a.H^ (see the Malmquist- Walsh lemma in [33] and also Example 1 below). 
This permits one to calculate matrices C and A exphcitly. 

Notice that if F is a m x m rational matrix function in i?^xm with 
det F ^ and F = ah* on the unit circle, where a, h are right coprime 
and a is a Blaschke-Potapov product, then the symbol F is normal (that is, 
F*F = FF* on the unit circle) if and only ii F = h6, where is a m x m 
rational function, which is unitary on T, but not necessarily analytic in ED. 

8 A method of constructing rational matrix 
functions of classes NDRN^ and NDARN^ 

Let S be a Blaschke-Potapov product, and let ipit^rj) be a scalar rational 
function of two variables. Put 



and suppose that F is well-defined as a meromorphic function on the complex 
plane. Since B is unitary on the unit circle, F is a rational normal matrix 
function. For a fixed B and "most" functions ip, F is non-degenerate, hence 
a function of class NDRN^. If, moreover, F is analytic on the closed unit 
disc, then F belongs to NDARN^. So (24) can be useful in the construction 
of separated real-type algebraic curves and quadrature domains. 

In fact, it is more than an example: it can be proved that, basically, any 
function in NDRN^ can be obtained in the above way. This topic will be 
treated in more detail elsewhere. 

For functions F, obtained by this rule, the Ahlfors type curve A3(F) is 
closely related to the study of the separated algebraic curve 



M^H^e aHl, A* = Tf*\M, C = F^.F^.. |M. 



(23) 



F{t)=i,{t,B{t)), 



(24) 



p{B) = {{t, ri)eC^ : det {B{t) - 7]l) = 0} (25) 
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with the anti-analytic involution 

s={t,v)^s* = {r\n-') (26) 

(in general, it can be reducible). The real part Pr{B) of this curve is defined 
by the equation \t\ — 1; it has a real dimension one. The equality {rjl — 1 
also holds true on p]^{B). 

Define the meromorphic function z = ijj{t,r]) on p{B). Then the "image" 
7(F) of the matrix function F{t) on the unit circle T, which was defined by 
(8), equals to the 2;- image of the real part Pk(-B) of the curve p{B). These 
notions will be exploited in Example 2 of the next section. 



9 Concrete examples 

We put bxit) = 

i-\t 

Example 1 (matrix pcirameters of a simply connected quadrature 
domain). Take a, /3 e C with |a| > 1 and /3 7^ 0, and put 

F(t) ^t + n = F(D). 

t — a 

Then F e NDARNi. Assume that F is univalent on D (for a fixed a, it always 
can be achieved by taking a small /?). Then is a quadrature domain by 
the Aharonov-Shapiro Theorem B. It corresponds to the analytic Toeplitz 
operator S = Tp on the scalar H^, which, as we know, is a subnormal 
operator of finite type without point masses. Wc are going to calculate the 
matrix parameters (C, A) of this subnormal operator. 

By Lemma 9 and Theorem 5, the space M — Range(5'*5' — SS*) can be 
calculated as 

M= (KerT^)^. 
The function F coincides on T with the rational function 



This function has poles and in D of order one. It is easy to see that 
KerTj? = {x e H"^ : x{0) = x{a~^) = 0}. Hence M ^ H'^ G aH'^, where 
a(t) = bo(t)ba-i(t), and dimM = 2. 

Next, put M_ = Range Fj? C H^. Then dim A'/_ = 2. Choose some 
orthonormal bases {61,62} in M and {/ii,/i2} in M_. Then P^F^ej e M_, 



Real algebraic curves and operator theory 



32 



j = 1,2. Since S*M C M, P+F^Cj e M for j = 1,2. Hence there are 
expansions 

F^ei = ruhi + r2i/i2 + ^uei + 1^2162, 

-^*e2 = ruhi + r22/i2 + ^^1261 + ^'2262- 
Introduce an operator R — rF*\M : M — > M_, then by Theorem 5, C — 
R*R. By (23), R ~ T ) and A* ~ (^^^ in the bases {61,62} 

V 21 ^^22 / ^^^21 ^^22 / 

and {hi, /i2}- In particular, one can take 61 = 1, 62 = kt{l—a~H)~^, hi = t~^, 
/i2 = kt~^{t — a"^)"-*^, where k — y^l — |a|~^. After calculating coefficients 
rjs, i^js (using residues), one gets 

Eigenvahies of A coincide with the nodes of the quadrature domain O (which 
are the points -F(O) and F(a^^)). It is also known from the theorem by 
Helton-Howe and Carey-Pincus (see [31]) that 

Area(O) — 7rtrace(C). 

In [59], we called A and C^/^ the matrix center and the matrix radius of -S". 

By Lemma 2, the operator of muhiplication by F on L^(T) is the minimal 
normal extension of the analytic Toeplitz operator Tp. Since oiTp) = F{T), 
the curve 7(F) = F{T) = dfl can be described alternatively by the equation 
(18). 

Representations of the boundary of a quadrature domain by an equation 
like (18) have been also considered in the series of papers by Putinar and 
Gustafsson, see [36], [25] and earlier papers. See also Xia [54], [57] and 
others. These papers deal with hyponormal operators, instead of subnormal 
ones. The domain need not be simply connected. The difference with the 
subnormal case is that one can always find a pair (C, A) that give rise to a 
quadrature domain so that rankC =1. In our setting, C has always a full 
rank. The advantage of matrix parameters of a quadrature domain in the 
sense of Putinar and Gustafsson is that they are always determined uniquely. 
If a quadrature domain is not simply connected, there are many subnormal 
operators that correspond to it, and they give rise to different pairs (C, A). 
The ambiguity is codified by the so-called characters [20], [19], [60]. 

Example 2 (A one-connected quadrature domain). Consider a finite 
Blaschke product in of degree two: 



B{t) = {I-Q, + bx{t)Qi) {I-Q2 + b.x{t)Q2) , 
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Fig. 1 



Fig. 2 



where Qi, Q2 are two different rank one projections in and A is a fixed 
point in D with Re A 7^ 0. Assume (without loss of generahty) that Qj — 
ij (8) £j, where £1 = (1, 0), £2 = (c, a), with a > 0, c > 0, + = 1. Put 



p{t) = 1 - AV, r(£) = t^- A^ 
= c'(l - + 2a2(l - \X\^)t + c2(l 



and 



2p{t)rj - q{t) + L{t - ^i) 



(28) 
(29) 

(30) 



2p(i)r^ - g(i) - L{t - 71) ' 
where L 7^ is a complex constant, and 71 is a root of the polynomial 
D(t) = q^{t) — 4:p(t)r(t) with |7i| < 1. We assert that there is a continuum 
of parameters a, c, A, 71, L such that the matrix function 



F{t)^^{t,B{t)) 



(31) 



belongs to NDARN2 and gives rise to a one-connected quadrature domain 
according to the rule of Theorem 1. It is so, in particular, if one chooses 



A = 0.8i, a 



L = i, and the corresponding root 71 ~ 0.0729 — 



13' 13' 

0.6467i of D. Figure 1 shows the shape of the curve '~f{F) for these concrete 
parameters. The explicit parametrization of the two parts of this curve is 
z — z±{t), t E T; the functions z±{t) will be defined in (33), (34). 

In what follows, we will motivate this example and give more comments 
and details about this quadrature domain. 
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A direct calculation shows that the algebraic curve (25) for our choice of 
B has the form 

p{B): p{t)ri'^ -q{t)ri + r{t) = 0. (32) 

Obviously, D{t) is the discriminant of this quadratic equation in 7]. One 

observes that r{i~^) = t~^p{t), q{i~^) = t~'^q{t), which implies that D{i~^) — 
t~^D{t). Hence the roots of D are symmetric with respect to the unit circle. 
Denote them as 71, 72, ^i'^, 7^^. We assume that all these roots are distinct 
and that 71,72 € ID). The algebraic curve (32) is irreducible, and by taking 
its normalization we can regard it as a compact Riemann surface. Since the 

formula of the solution of (32) is ri± = '^^*^2p(f)^''* " ^ single-valued 

functions, the surface p{B) coincides with the Riemann surface of the multi- 
valued function 



t ^ y/m ^K.^it- 7i)(i - 72)(i - lT')it - 72~')- 

Hence p{B) is an elliptic curve and is homeomorphic to a torus. 

Inequahties \t\ < 1 and \t\ > 1 define the two "halves" of the curve 
p{B), which we denote as p+{B) and p-{B), respectively. Then p+{B) is 
homeomorphic to the Riemann surface of the function \/ {t — 7i)(t — 72), 
defined on the disc |t| < 1. It is a two-sheeted branched covering of the 
unit disc, and thus is homeomorphic to a sphere with two holes (or to a 
one-connected domain). 

Following B. Gustaffson [23], pages 224-225, we can search a meromorphic 
function z{-) on p{B), which has no poles on closp+(-B) and is univalent on 
p+{B). The image of p+{B) under any such function z will be a one-connected 
quadrature domain. 

Consider the meromorphic function z{-) — ip(t{-),r]{-)) on p{B). Note 
that 

a + L(t-7i) 

z = ^jj{t, 77) = — — — , (33) 

a - L{t - 7i) 

where 

a^^'2p{t)rj-q{t)^±./D(r)- (34) 
By considering the local parameter a on the curve p+{B) in a neighborhood 
of the branching point t — 71, one gets that z{5) has no pole at this point. 

There are two global continuous branches of \jD{t) on the unit circle. 
Define the functions z^{t), Z-{t) on T by putting in (33) a — ±-\jD{t), 
respectively. 

The parameters a, c, A,7i,L lead to a quadrature domain f2=^2;(p+(5)) 
if and only if the following two conditions hold. The first condition is that 
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the function z{S) should have no poles on p+{B). The second one is that z{-) 
should be univalent on p+{B) (or, equivalently, that functions Ci(^) — -^-(e*^), 
(2(0) = should satisfy the topological condition of Theorem 1). If 

these two conditions are valid, then f2 is a quadrature domain. In this case, 
we can agree that when t runs over the unit circle, z+{t) traverses the outer 
boundary curve of Q and Z-{t) traverses the inner one. One gets from (33) 
that z-{t) ■ z+{t) = 1 for \t\ = 1. 

To verify the second condition for a concrete set of values of parame- 
ters, it suffices to check, for instance, that argz_|_(e*^) strictly increases for 
6 G [0,27r]. The author has checked both conditions numerically for the pa- 
rameters indicated above. It follows that close values of parameters also give 
a quadrature domain. 

In fact, the author does not know whether the first necessary condition 
implies the second one. 

Formulas (33), (34) were found by the analogy with the inverse Zhukovsky 
function. 

Since the meromorphic function z — ip{t,r)) has no poles on closp+(-B), 
it follows that F is analytic on \t\ < 1. Hence F G NDARN2. Notice that for 
t G T, z±{t) = ilj{t, ri±), where r]± are the two roots of the quadratic equation 
(32). Hence F{t) has eigenvalues z^{t) and z_{t) for \t\ = 1. It follows that, 
whenever our choice of parameters produces a quadrature domain Jl, function 
F generates the same quadrature domain. The spectrum of Tp coincides with 
the closure of Q. 

The Schwartz function and the nodes. The defining equation 

Suppose that our parameters A, a, c, L, 71 are admissible, that is, they give 
rise to a quadrature domain Q. Then the Schwartz function is given by 

w{z) = ilj{5{z)*), z e dosil 

where 5{z) is the function inverse to the function z\p+{B). Function w{z) 
has three poles, which are the nodes of the quadrature domain (the points 
Zj in the formula (4)). The positions of these three nodes are indicated on 
Fig. 1. 

It is possible (in principle) to write down explicitly the polynomial defin- 
ing equation of this quadrature domain. Namely, one can derive a polynomial 
relation X^(t) = ^f=iXj{z)P = between the functions t, z on the curve 
p{B) (here Xj are polynomials of one variable). Next, one can write down a 
similar polynomial relation Y^it) = XljLi yj{w)P = between the functions 
t, w on p{B). Then one has an explicit equation 



Res(X„y^) =0, 



Real algebraic curves and operator theory 



36 



which satisfy the meromorphic "coordinates" z, w on p{B) and which is 
polynomial in z, w. Here Res(Af. A^) is the resultant of polynomials M{t), 
N{t), see [49]. Wc recall that Res(M,A^) vanishes iff M and have a 
common root. It is not completely clear, however, whether this equation is 
a minimal one (it might have extra factors of the form z — zq or w — wq). 

Numerical experiments show that for different values of admissible param- 
eters, the quadrature domain obtained has a form of three merged circular 
drops, and the nodes of the domain are situated approximately in the centers 
of these drops. This justifies the following 

Conjecture. // the above method leads to a quadrature domain, then this 
domain can be obtained alternatively as a final domain at a time Tq > 
from a Hele-Shaw flow with three sources, situated in the three nodes of the 
domain (with no liquid at the starting time T = 0). 

We refer to the book [39] for a discussion of the Hele-Shaw flows and to 
[45] for a good elementary introduction to the subject. In [10]-[12], [38], one 
can find more recent results. 

A general characterization of one-connected quadrature domains was given 
by M. Putinar in [37], Theorem 1.3. However, he did not give concrete ex- 
amples. 

Example 3 (A matrix function of class NDARN3). One can try to use 

the same ideas in order to obtain more complicated examples. For any m, 
it is easy to get many examples of functions in NDARN^. For instance, put 
Qj = £j ® where = (if, -|, 0), £2 = (0, 4 = 0, if). Put 

El — i and £2 = exp(|7ri). Let A = ^ e D. Take the matrix Blaschke 
product 

B{t) = {I-Q,+ eMt)Qi) {I-Q2 + e2h.x{t)Q2) {l - Qs + tQs) 

and the function ip{t, r)) — t + r). It is easy to see that the matrix function 
F{t) = ilj{t, B{t)) is in NDARN3. The corresponding curve ^{F) is shown on 
Fig. 2. It can be deduces from this picture that the real part of the algebraic 
curve p{B) has three components. One can number the three eigenvalues of 
F(e*^) so that when 9 runs over [0, 27r], each of these eigenvalues traverses its 
own component of the curve 7(F) in the positive direction. This function B 
can be thought of as a perturbation of the case when {ij} are an orthonormal 
basis. In the latter case, p{B) has three irreducible pieces, and j{F) consists 
of three concentric circles. 

If we had taken £2 = without changing other data, then pr(F) 

would have only two components. 
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In general, it is not so easy to find out the topological types of curves 
p{B). If p+{B) is homeomorphic to a multiply connected domain, one could 
try to construct meromorphic functions z = ilj{t,ri) on p{B), which give rise 
to quadrature domains. It is unclear by now how to do it explicitly. It would 
be desirable to have some general results about possible topological types of 
p{B) , depending on the size and the degree of a Blaschke-Potapov product 
B. 

A general method of constructing multiply connected quadrature domains 
has been suggested recently by Crowdy [11], [10], by Crowdy and Marshall 
in [12] and by Richardson in [38]. In particular, the work by Crowdy and 
Marshall contains many examples of calculation of quadrature domains of 
different connectivity. The method by Crowdy involves Schottky-Klein prime 
functions, defined as an infinite product. Richardson's method uses Poincare 
series. Both methods require to solve certain systems of nonlinear equations. 
It would be interesting to find relations between the methods by Crowdy, 
Marshall and Richardson and the results of the present article. 

10 Further perspectives 

One can try to apply our results to several neighboring fields. There are 
many unanswered questions about quadrature domains, see the collection of 
problems in the recent book [17]. Our Theorem 1, combined probably with 
some new ideas, could occasion some progress. Let us indicate two concrete 
problems in this connection. 

1) As it is proven in [23], Thm. 12, for any p > 1, there is a family of p- 
connected domains that satisfy the same quadrature identity (4) and depend 
on at least p real parameters. It would be interesting to find a more or less 
explicit parametrization of all quadrature domains of a given connectivity 
satisfying the same quadrature identity. 

It is not known whether there is uniqueness when one considers only 
simply connected domains; see [40] for a partial result. 

2) A point zq of a quadrature domain fl is called special if w{zq) = zq, 
where w{z) is the Schwartz function. If fl is generated by a matrix function F 
of class NDARN, then zq has to be an eigenvalue of F(to) and Zq an eigenvalue 
of F*[tQ^) for a point in IP- K is interesting to estimate the number of 
special points of a quadrature domain; see [24] and [41] for some results in 
this direction. We remark that special points play an important role in the 
connection between subnormal and hyponormal operators attached to Q, see 
[61], Thms. 1, 2 and the proof of Lemma 3. 

The connection between hyponormal operators and quadrature domains 
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has been exploited in works by Gustafsson, Putinar and Xia, see [37], [36], 
[25], [57], [61] and references therein. 

Certainly, a better understanding of ways to construct multiply connected 
quadrature domains would be very desirable. A concrete construction of 
Ahlfors functions on a multiply connected domain has been given by S. Fe- 
dorov in [18]. 

It is also interesting to look for numerical applications of quadrature do- 
mains. They depend on a finite number of parameters and can approximate 
an arbitrary bounded domain, see [22] for a discussion. Our results might 
help in constructing conceptually simple algorithms of dealing with quadra- 
ture domain. 

There are many topics that are related to the subject of this work, 
which we did not touch. Hyponormal Toeplitz operators with finite rank 
self-commutator were studied in [14], [27] and other papers; a relationship 
between Toeplitz operators with rational symbol and Riemann surfaces was 
exploited in [58]. Multiplication operators by the independent variable and 
by an analytic matrix function were studied in [48], [26], [2], [43], [44], [58] 
and others. 

Vector bundles over real algebraic curves were used here very little. The 
topic of Section 7, in fact, is related to the so-called determinantal represen- 
tations of vector bundles of real algebraic curves and characters. See [2], [46], 
[47] and the references therein. 

Real algebraic curves and vector bundles over them appear naturally in 
the theory of commuting nonselfadjoint operators and discrete and contin- 
uous linear systems with multidimensional time, which is being developed 
by Livsic, Alpay, Ball, Vinnikov and others. We refer to [6], [7] (and the 
references therein) and to the book [29]. As it was shown in [6], there are 
advantages in defining spaces as spaces of differentials of order 1/2 in- 
stead of spaces of functions. Some algebraic and computational aspects of 
this theory were developed in [42]. 

Curves as in (25), whose anti-analytic involution has the form (t,/x) i— > 
{t~^,p,~^) appear in the theory of commuting contractions, see [8]. 

In a series of works, Pavlov and Fedorov developed the harmonic analysis 
on multiply connected domains (see [18], [19] and others). Such topics as 
analogues of Muckenhoupt condition and of Carleson condition, Ahlfors type 
functions that generate the uniform analytic algebra in the domain, coinvari- 
ant subspaces and corresponding semigroups were studied by these authors. 
One of the aims of this program is to develop a kind of the Lax-Phillips 
approach to the investigation of resonances for a selfadjoint operator with 
band spectrum, see [34]. 

Algebraic curves also appear systematically in the study of integrable 
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dynamical system, which is a very vast area; we only mention the review 
[15]. As the work [28] suggests, this topic also has strong connections with 
the theory of commuting nonself adjoint linear operators. 

References 

[I] M. B. Abrahamse, , J. J. Bastian, Bundle shifts and Ahlfors functions. 
Proc. Amer. Math. Soc. 72 (1978), no. 1, 95-96. 

[2] M.B. Abrahamse, R.G. Douglas, A class of subnormal operators related 
to multiply- connected domains, Adv. in Mathematics, 19 (1976), 106- 
148. 

[3] D. Aharonov, H. S. Shapiro, Domains on which analytic functions satisfy 
quadrature identities, J. D'Analyse Mathematique, 30, 1976, 39-73. 

[4] D. Aharonov, H. S. Shapiro, A.Yu. Solynin, A minimal area problem in 
conformal mapping, J. D'Analyse Mathematique, 78, 1999, 157-176. 

[5] L. Ahlfors, Open Riemann surfaces and extremal problems on compact 
subregions, Comment. Math. Helv. 24 (1950), 100-134. 

[6] D. Alpay, V. Vinnikov, Analogues d'espaces de de Branges sur des sur- 
faces de Riemann, C. R. Acad. Sci. Paris ser I Math. 318 (1994), 1077- 
1082. 

[7] J. Ball, V. Vinnikov, Overdetermined multidimensional systems: state 
space and frequency domain methods, Mathematical systems theory in 
biology, communications, computation, and finance (Notre Dame, IN, 
2002), 63-119, IMA Vol. Math. Appl., 134, Springer, New York, 2003. 

[8] J. Ball, V. Vinnikov, Hardy spaces on a finite bordered Riemann surface, 
multivariable operator model theory and Fourier analysis along a uni- 
modular curve. Oper. Theory Adv. Appl., 129, 37-56, Birkhauser, Basel, 
2001. 

[9] A. Bottcher, B. Silberman, Analysis of Toeplitz operators, Springer- 
Verlag, Berhn, 1990. 

[10] D. G. Crowdy, A theory of exact solutions for annular viscous blobs, J. 
Nonlinear Sci. 8 (1998), no. 4, 375-400. 

[II] D. G. Crowdy, A note on viscous sintering and quadrature identities, 
Euro. J. Appl. Math 10 (1999), 623-634. 



Real algebraic curves and operator theory- 



AO 



[12 

[13 

[14 
[15 

[16 

[17; 

[18 



[19 

[2o; 

[21 
[22 

[23; 

[24; 



D. G. Crowdy, J. Marshall, Constructing multiply connected quadrature 
domains, SIAM J. Appl. Math. 64 (2004), no. 4, 1334-1359. 

J. B. Conway, The Theory of Subnormal Operators. American Math. So- 
ciety, Providence, Rhode Island, 1991 (Math. Surveys and Monographs, 
vol. 36). 

C. C. Cowen, Hyponormality of Toeplitz operators, Proc. Amer. Math. 
Soc. 103 no. 3 (1988), 809-812. 

B. A. Dubrovin, I. M. Krichever, S. P. Novikov, Integrable systems. I. in: 
Dynamical systems, IV, 177-332, Encyclopaedia Math. Sci., 4, Springer, 
Berlin, 2001. 

P. L. Duren, Theory of spaces, Academic Press, New York, 1970. 

Quadrature domains and their applications. Operator Theory: Adv. and 
Appl., 156. Birkhiiser Verlag, Basel, 2005. 

S. I. Fedorov, Harmonic analysis in a multiply connected domain. I, II, 
Mat. Sb. 181 no. 6 (1990), 833-864 ; no. 7 (1990), 867-909 (Russian); 
Engl, translation in Math. USSR-Sb. 70, no. 1 (1991), 263-296, no. 2 
(1991), 297-339. 

S. 1. Fedorov, On harmonic analysis in a multiply connected domain 
and character- automorphic Hardy spaces. Algebra i Analiz 9 no. 2 (1997), 
192-240; translation in St. Petersburg Math. J. 9 no. 2 (1998), 339-378. 

S. Fisher, Function Theory on Planar Domains, Whiley, 1983. 

W. Fulton, Algebraic Curves, Addison- Wesley, Redwood City, etc., 
1969. 

B. Gustafsson, Ch. He, P. Milanfar, M. Putinar, Reconstructing planar 
domains from their moments. Inverse Problems 16 (2000), no. 4, 1053- 
1070. 

B. Gustafsson, Quadrature identities and the Schottky double. Acta Ap- 
plicandae Math., no. 1, (1983), 209-240. 

B. Gustafsson, Singular and special points on quadrature domains from 
an algebraic geometric point of view. J. D'Analyse Math., 51 (1988), 91- 
117. 



Real algebraic curves and operator theory 



41 



[25] B. Gustafsson, M. Putinar, Linear analysis of quadrature domains. IV, 
Quadrature domains and their applications, 173-194, Oper. Theory Adv. 
AppL, 156, Birkhiiser, Basel, 2005. 

[26] M. Hasumi, Hardy Classes on Infinitely Connected Riemann Surfaces, 
Lecture Notes in Mathematics, 1027, Springer, N.Y., etc., 1983. 

[27] I. S. Hwang, I. H. Kim, W. Y. Lee, Hyponormality of Toeplitz operators 
with polynomial symbols, Math. Ann. 313 (1999), 247-261. 

[28] M. S. Livsic, Y. Avishai, A study of solytonic combinations based on the 
theory of commuting non-self- adjoint operators, Linear Algebra and its 
AppL, 122-124 (1989), 357-414. 

[29] M. S. Livsic, N. Kravitsky, A. S. Markus, V. Vinnikov, Theory of Com- 
muting Nonselfadjoint Operators, Kluwer Acad, publishers, Dordrecht, 
Boston, London, 1995. 

[30] J. E. McCarthy, L. Yang, Subnormal operators and quadrature domains, 
Advances in Math., 127, No. 1, 1997, 52-72. 

[31] M. Martin, M. Putinar, Lectures on hyponormal operators. Operator 
Theory: Advances and Applications, 39. Birkhaser, 1989. 

[32] S. M. Natanson, Klein surfaces. Uspekhi Mat. Nauk, 45, No. 6 (1990), 
47-90; English transl. in Russian Math. Surveys 45, No. 6 (1990), 53-108. 

[33] Nikol'skii, N.K., Treatise on the shift operator. Springer- Verlag, Berlin, 
1986. 

[34] B.S.Pavlov, Nonphysical sheet for perturbed Jacobian matrices, Algebra 
i Analiz 6, no. 3 (1994), 202-219. 185-199; translation in St. Petersburg 
Math. J. 6, no. 3 (1995), 619-633. 

[35] V. P. Potapov, On the m,ultiplicative structure of J-nonexpansive matrix 
functions, Trudy Moskovsk. Math. Obsc. 4 (1955), 125-236 (Russian); 
Enghsh transl. in Amer. Math. Soc. Transl. 2 15 (1966), 131-243. 

[36] M. Putinar, Linear analysis of quadrature domains III, J. Math. Anal. 
AppL, 239 (1999), 101-117. 

[37] M. Putinar, Eoctremal solutions of the two-dimensional L -problem of mo- 
ments, J. Funct. Anal. 136 (1996), no. 2, 331-364. 



Real algebraic curves and operator theory 



42 



[38] Richardson, S. Hele-Shaw flows with time- dependent free boundaries in- 
volving a multiply- connected fluid region, European J. Appl. Math. 12 
(2001), no. 5, 571-599. 

[39] M. Sakai, Quadrature domains, Lect. Notes in Math., Vol. 934, 
Springer- Verlag, Berhn-Heidelberg, 1982. 

[40] M. Sakai, Finiteness of the family of simply connected quadrature do- 
mains. Potential theory (Prague, 1987), 295-305, Plenum, New York, 
1988. 

[41] M. Sakai, An index theorem on singular points and cusps of quadrature 
domains. Holomorphic functions and moduli. Vol. I (Berkeley, CA, 1986), 
119-131, Math. Sci. Res. Inst. Publ., 10, Springer, New York, 1988. 

[42] A. Shapiro, Elimination Theory on an Algebraic Curve and Rational 
Transformations of Commuting Nonselfadjoint Operators, Ph. D. Thesis. 
Weizmann Institute of Science, 1999. 

[43] B. M. Solomyak, A. L. Volberg, Multiplicity of analytic Toeplitz opera- 
tors, Oper. Theory: Adv. and Appl. 42 (1989), 87-192. 

[44] B. M. Solomyak, A. L. Volberg, Operator of multiplication by an analytic 
matrix-valued function, Oper. Theory: Adv. and Appl. 42 (1989), 193- 
207. 

[45] Varchenko, A. N.; Etingof, P. I. Why the boundary of a round drop 
becomes a curve of order four. University Lecture Series, 3. American 
Mathematical Society, Providence, RI, 1992. 

[46] V. Vinnikov, Complete description of determinantal representations of 
smooth irreducible curves, Linear Algebra and its Appl., 125 (1989), 103- 
140. 

[47] V. Vinnikov, Selfadjoint determinantal representations of real plane 
curves, Math. Ann. 296 (1993), no. 3, 453-479. 

[48] M. Voichik, Ideals and invariant subspaces of analytic functions, Trans- 
actions Amer. Math. Soc. Ill (1964), 493-512. 

[49] van der Waerden, B. L. Algebra. Vols. I, II. Springer, New York, 1991. 

[50] D. Xia, The analytic model of a subnormal operator. Integral Eqs. Op- 
erator Theory 10, No. 2 (1987), 258-289. 



Real algebraic curves and operator theory 



43 



[51] D. Xia, Analytic theory of subnormal operators, Integral Eqs. Operator 
Theory 10 No. 6 (1987), 880-903. 

[52] D. Xia, On pure subnormal operators with finite rank self-commutators 
and related operator tuples, Integral Eqs. Operator Theory 24, No. 1 
(1996), 106-125. 

[53] D. Xia, Analytic theory of a subnormal n-tuple of operators. Operator 
theory: operator algebras and apphcations. Part 1 (Durham, NH, 1988), 
617-640; Pioc. Sympos. Pure Math., 51, Part 1, Amer. Math. Soc, Prov- 
idence, RI, 1990. 

[54] D. Xia, Hyponormal operators with finite rank self-commutators and 
quadrature domains, J. Mathematical Analysis and Appl. 203, no. 2 
(1996), 540-559. 

[55] D. Xia, Trace formulas for some operators related to quadrature domains 
in Riemann surfaces. Integral Equations Operator Theory 47 (2003), no. 
1, 123-130. 

[56] D. Xia, On a class of operators with finite rank self- commutators. Inte- 
gral Eqs. Operator Theory 33, no. 4, (1999) 489-506. 

[57] D. Xia, Hyponormal operators with rank one self- commutator and 
quadrature domains. Integral Equations Operator Theory 48 , no. 1 
(2004), 115-135. 

[58] D. V. Yakubovich, Riemann surface models of Toeplitz operators. Op- 
erator theory: Advances and Appl. 42 (1989), 305-415. 

[59] D. V. Yakubovich, Subnormal operators of finite type I. Xia's model and 
real algebraic curves in C'^, Revista Matematica Iberoamericana, 14, no. 
1 (1998), 95-115. 

[60] D. V. Yakubovich, Subnormal operators of finite type II. Structure the- 
orems, Revista Matematica Iberoamericana, 14, no. 3 (1998), 623 - 681. 

[61] D. V. Yakubovich, A note on hyponormal operators associated with 
quadrature domains, Oper. Theory: Adv. Appl., 123, 513-525, 
Birkhauser, Basel, 2001. 



[62] A. Yamada, Ahlfors functions on compact Riemann surfaces, J. Math. 
Soc. Japan 53 (2001), no. 2, 261-283. 



